Abstract: Minimal SO(10) grand unified models provide phenomenological predictions for neutrino mass patterns and mixing. These are the outcome of the interplay of several features, namely: i) the seesaw mechanism; ii) the presence of an intermediate scale where B-L gauge symmetry is broken and the right-handed neutrinos acquire a Majorana mass; iii) a symmetric Dirac neutrino mass matrix whose pattern is close to the up-type quark one. In this framework two natural characteristics emerge. Normal neutrino mass hierarchy is the only allowed, and there is an approximate relation involving both light-neutrino masses and mixing parameters. This differs from what occurring when horizontal flavour symmetries are invoked. In this case, in fact, neutrino mixing or mass relations have been separately obtained in literature. In this paper we discuss an example of such comprehensive mixingmass relation in a specific realization of SO(10) and, in particular, analyse its impact on the expected neutrinoless double beta decay effective mass parameter m ee , and on the neutrino mass scale. Remarkably a lower limit for the lightest neutrino mass is obtained (m lightest 7.5 × 10 −4 eV, at 3 σ level).
Introduction
Grand Unified Theories (GUT) embed the Standard Model (SM) gauge group into (semi) simple groups of higher dimension, and provide remarkable insights on issues which are left unsolved by the -yet extremely successful -SU(3) c ×SU(2) L ×U(1) Y theory. Examples of these phenomenological features are the explanation of electric charge quantization, unification of the gauge couplings at some large mass scale and a prediction for the value of the Weinberg angle. Furthermore, GUTs have a smaller set of free parameters with respect to SM, and provide nice relations among fermion masses and mixing. Finally, they share the property that all matter fields, for each generation, can be allocated in just a few of irreducible group representations (IRR): only two in case of SU(5) [1] and Pati-Salam [2, 3] groups, and a single 16-dimensional spinorial representation for SO (10) [4, 5] (for a review see ref. [6] ).
In this paper we focus on the SO(10) GUTs, pointing out that, adopting minimal and reasonable assumptions that will be discussed in the following, two interesting phenomenological implications about neutrino masses and mixing emerge:
• only normal ν−mass ordering is allowed [7, 8] ;
• there is a mixing dependent ν−mass sum rule that constraints the allowed region in the plane lightest neutrino mass eigenstate (m lightest ) vs effective mass parameter ( m ee ). This eventually affects the neutrinoless double beta decay rates.
We know from neutrino oscillations experiments, that at least two of the three active neutrinos are massive. However, the absolute neutrino mass scale is still unknown, as well as the mass ordering. In fact, both Normal Hierarchy (NH) (m 1 < m 2 m 3 ) and Inverted Hierarchy (IH) (m 3 m 1 < m 2 ) are still allowed by present data [9] [10] [11] , where by definition the mass eigenstate m 3 is the one that maximally mixes with flavour eigenstates ν µ and ν τ .
Indeed, it is the whole paradigm of fermion mass pattern and mixing parameters hierarchies that remains a mystery, a deep question in particle physics known as the flavour problem. In the last decades, many ideas have been put forward as attempts to address this problem, within GUTs or in different schemes. One interesting possibility is based on the idea of extending the SM gauge group to include a symmetry acting between the three families, known as horizontal or flavour symmetries. Such a symmetry could be abelian continuous [12] or discrete [14] , and non-abelian continuous [13] or discrete [15, 16] . Some years ago, it became very popular to exploit non-abelian discrete symmetry after preliminary experimental indications supporting an almost maximal atmospheric neutrino mixing angle θ 23 and a small reactor angle θ 13 at the same time (see for instance ref. [17] and references therein). However, recent experimental data show a clear deviation from the maximality for the atmospheric angle, and indicate a not vanishing sin θ 13 ∼ λ C with λ C ≈ 0.22 − 0.23 denoting the sinus of the Cabibbo angle [18] . In view of this, non-abelian flavour symmetries at the present seem to be quite disfavoured [19] .
Typically, flavour symmetries lead to simple relations among neutrino parameters, known as the mass and mixing sum rules. The presence of neutrino mass sum rules was first observed in ref. [20] and then studied in ref. [21] . A phenomenological classification was given in ref. [22] while a more extensive analysis based on the possible neutrino mass mechanism can be found in ref. [23] (for a review on this issue see also ref. [24] [29] [30] [31] [32] [33] [34] for a recent discussion), and have strong implication for the connection between model building and experiments. It is worth stressing that in both cases, these sum rules may strongly impact the expected rate for neutrinoless double beta decays, since they give non trivial relations among the three neutrino masses or mixing parameters.
The mass and mixing sum rules take respectively the general form
where the neutrino masses m i are generally complex quantities, θ 13 , θ 23 , θ 12 are respectively, the reactor, atmospheric and solar angles, δ is the Dirac phase, and α and β are the Majorana phases. Finally, κ i , ρ atm , ρ sol , λ and h = −1, −1/2, 1/2, 1 are parameters that depend on the particular flavour scheme, as can be seen for instance in ref.s [25] [26] [27] . Though relations like eq.s (1.1) or (1.2) are typically obtained within extensions of the SM based on flavor symmetries approaches it is worth observing that similar results can be also obtained in GUTs, where the approach is, so to say, vertical i.e. based on gauge symmetry paradigm, rather than horizontal. As an example, in ref.s [20, 35, 36] the following constraint has been obtained within a class of SO(10) models
This is a mass-mixing sum rule, since the coefficients k i of eq. (1.1) are functions of the mixing oscillation parameters.
In the present paper, we analise in detail the SO(10) neutrino mixing-mass sum rule in view of the latest results for the neutrino mixing parameters. Since the neutrino sum rules constrain the Majorana phases entering in the lepton mixing matrix, we examine the predictions of the SO(10) neutrino mass-mixing sum rule for the neutrinoless double beta decay. The main results are the presence of a lower limit for the lightest neutrino mass and that only normal ordering for the neutrino mass hierarchy is allowed.
The paper is organised as follows. In Section 2 we discuss the main assumptions behind the relation of eq. (1.3). In Section 3 we study the phenomenological implications of the neutrino mass-mixing sum rule to the neutrinoless double beta decay. Finally, Section 4 is devoted to the conclusions.
2 Mass-mixing sum rule from SO (10) The relation of eq. (1.3) has been obtained in SO(10) models under the following assumptions [36] :
• type-I seesaw mechanism is dominant over type-II.
In SO (10) there are two contributions to the light neutrino mass given by the type-I [37] [38] [39] [40] [41] and type-II [40] [41] [42] [43] seesaw. While right-handed neutrino mass is generated at an intermediate scale M X ∼ 10 11 GeV, where the Pati-Salam group is broken, the type-II contribution is suppressed by the mass of the scalar electroweak triplet [44] [45] [46] [47] . Such a mass is proportional to the vev of the 210 scalar IRR, which drives the breaking of SO (10) at the GUT scale. For this reason type-I seesaw is more natural in SO(10) with respect to type-II. This result has been also numerically checked and confirmed in ref. [8] .
• In addition to the 210, the Higgs scalar sector contains the 10 and 126 IRRs as well. This implies that the Dirac neutrino mass matrix m D is symmetric, and it is diagonalised by the unitary matrix V L .
• The Dirac neutrino mass matrix m D has approximatively the same structure of the up-type quark mass matrices M u . This is rather a good approximation. In fact, due to the bottom-tau mass unification at the M X scale, the vev of the 10 must be dominant over the 126 one. The fact that m D ≈ M u implies that the Dirac neutrino mass eigenvalues are strongly hierarchical like the up quark case, and the corresponding diagonalising matrix V L has a Cabibbolike structure, where only the angle in the 1-2 plane is large and of the order of λ C .
• There is an upper limit on the mass of the heaviest right-handed neutrino M R3 10 11 GeV. This is related to the intermediate B-L symmetry breaking.
The minimal SO(10) model with one 10 and one 126 IRRs were first discussed in ref. [48] . We remark that such a model contains 13 free parameters to fit the charged fermion masses and the quark mixing parameters. On the other hand, the neutrino masses and mixing parameters are completely determined from the input parameters. A lot of efforts has been made in the last decades in order to check the viability of this minimal SO(10) model in view of a better understanding of the neutrino physics [8, [48] [49] [50] [51] [52] [53] [54] [55] [56] . In particular, as recently pointed in ref.s [8, 56] , it is possible to obtain a reasonable fit of fermion masses and mixing parameters with only type-I seesaw mechanism. The only residual discrepancy in these fits concerns the down quark mass, which is reproduced with a deviation from the "experimental" value of about 2 σ in ref. [8] and 1 σ in the more recent analysis of ref. [56] . It is worth observing that extending the scalar sector by adding extra 10 and 126 Higgses would improve the global fit without spoiling the main results of our study, since the neutrino mass structure would remain the same while the number of free parameters would increase. For the sake of simplicity, in the following we focus on the minimal model with scalars belonging to a single 10 and 126 only.
In this framework, from type-I seesaw mechanism we have
where m ν and M R are the light neutrino and the right-handed mass matrices, respectively. By considering eq. (2.1) and by diagonalising the light neutrino mass matrix through the neutrino mixing matrix U , the relation in eq. (2.4) can be also rewritten as
where
From the assumption m D ≈ M u we have that V L is similar to the mixing matrix that diagonalises on the left the up-type quark mass matrix. In first approximation it results in a rotation in the 1-2 plane with an angle of the order of Cabibbo one as provided in eq. (2.2). Therefore, we get 
This means that, in order to have M R3 10 11 GeV, a strong cancellation is required, which reads which reproduces the relation in eq. (1.3) assuming ε = 0 and sin θ 13 = 0, sin θ 23 = 1/ √ 2. Notice that the relation in eq. (2.10) is a generalization of the one reported in eq. (1.3) , and we will discuss in the following its phenomenological implications.
In general, there are no theoretical predictions about the mass hierarchy even for a given neutrino mass mechanism like the type-I seesaw, but as we have already stated in SO(10) Grand Unified models only normal ν−mass ordering is allowed [8] . This can be easily understood. In SO(10) with just a 10 and 126 in the scalar sector, three fermion mass matrices (M u , m D and m ν ) can be written in terms of the remaining two (M d and M l ) as 1
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where f u , f ν , r are free parameters that are functions of the vev of 10 and 126 and of Yukawa matrices (see ref. [8] for more details). If M d and M l are strongly hierarchical this will imply the same for M u and m D . On the other hand, M d − M l can be whatever, since M l and M d are quite similar. Yet, the resulting m ν is also hierarchical and therefore, an inverted ordering is very unnatural. This can be also seen in a different way, starting from the relation in eq. (1.3). As pointed out in ref. [35] one gets 15) that gives in the IH-limit (m 3 m 1 < m 2 ) a solar mixing angle such that | tan 2 θ 12 | ≈ 1, inconsistent with the experimental value 0.42 ± 0.07 at 95% C.L. [9] .
Remarkably, the mass relation in eq. (2.10) leads to a prediction for the neutrinoless double beta decay 0νββ rates. It is well known that this decay, with a violation of the lepton number by two units, is mediated by Majorana neutrino mass terms and it would eventually demonstrate the Majorana nature of neutrinos [57] . The 0νββ decay rates are proportional to the "effective mass"
which is a function of the Majorana phases, α and β, and the lightest neutrino mass m lightest , given by m 1 or m 3 in case of Normal and Inverted Hierarchies, respectively. The Dirac phase δ is included in the matrix element U e3 . The other neutrino masses are given in terms of the measured squared mass differences, known from oscillation experiments. Due to eq. (2.10) that provides a relation between the three neutrino masses and the Majorana phases one gets a bound for the allowed region in the m lightest -m ee plane, see fig. 1 . In particular, the solid (dashed) lines bound the region obtained by spanning the 3 σ ranges for the neutrino mixing parameters given in ref. [9] in case of NH (IH).
In fig. 1 the dotted (dot-dashed) line represents the values for m lightest and m ee satisfying the relation (2.10), once the NH (IH) best-fit values of the neutrino mixing parameters have been taken into account. Once we allow the neutrino mixing parameters to vary in their 99% C.L. ranges one gets the shaded area reported in fig. 1 . In the plot the cosmological bound m ν < 0.17 eV, obtained by the Planck Collaboration [58] (vertical line), and the constraint m ee < 0.2 eV coming from the non-observation of the neutrinoless double beta decay in the phase 1 of the GERDA experiment [59] (horizontal line) are also shown. It is worth observing that the SO(10) relation (2.10) is in agreement with an inverted hierarchy scenario only in case of a quasi-degenerate pattern. As one can appreciate from fig. 1 an interesting lower limit m lightest 7.5 × 10 −4 eV, at 3 σ is obtained. A similar limit has been derived in left-right models with type-II seesaw [60] .
The largest uncertainty in the shaded region of fig. 1 is related to the Dirac phase δ, which still can range at 3 σ in the whole range [0, 2π] (see ref.s [9] [10] [11] ). This also affects the predicted lower limit on m lightest = m 1 . We show in fig. 2 the best-fit lines from eq. (2.10) for different choices of the parameter δ in the interval [0, π]. In particular, for small values of the Dirac phase, the relation (2.10) provides two different best-fit lines that gradually merge into a single best-fit region as the parameter δ increases. When δ ranges in the interval [π, 2π] we get the same allowed lines shown in fig. 2 , but from the bottom-right to the up-left plots. Notice that the smallest values for m lightest are obtained for δ = 0.
Conclusions
In summary, we have revisited and generalized a neutrino mass-mixing relation that naturally emerges in a SO(10) GUT framework. This kind of relations has been pointed out and originally studied in the context of flavour horizontal symmetry extensions of the SM. In this paper we have rather stressed that similar relations can also arise under the spell of Figure 1 . The solid (dashed) lines bound the allowed region in the m lightest -m ee plane obtained by spanning the 3 σ ranges for the neutrino mixing parameters [9] in case of NH (IH). The dotted (dot-dashed) line is the prediction of eq. (2.10) on the effective mass, once the NH (IH) best-fit values of the neutrino mixing parameters are adopted [9] . The shaded region represents the 3 σ area obtained according to the neutrino mass-mixing dependent sum rule of eq. (2.10).
the gauge symmetry principle, when the SM gauge group is embedded in a larger Grand Unified Theory like SO(10), under minimal and reasonable assumptions. In this case, neutrino masses and mixing angles are involved in simple sum rules, like the one in eq. (2.10), and strongly suggest a normal hierarchical pattern for neutrino masses. We have analyzed the impact of this constraint on neutrinoless double beta decay mass parameter m ee , and found that a lower limit on the absolute neutrino mass scale emerges.
So far, experiments have not been able to distinguish between the two neutrino hierarchy schemes, but there are good chances that this will be possible in the near future in several experiments, like for instance, Hyper-Kamiokande [61] , T2K [62] , ORCA [63] , PINGU [64] . In this framework, a possible evidence in favour of an IH scheme will rule out the class of SO (10) [9] .
